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Chinese Remainder Theory

The theorem statement: ((1i, I1j) =1, 1 <=j]<j<=K)=

V(ai, -, ax) € NE Ix0 e No xo = a;(mod n;) i= L, K

AN

(x=aj(modn;) i=1, 8o (x=xo(modni--- Hk)),

La K

proof. Let N = 1=1ithen i, N/1j) = 1pence

ds;, t;€Z: sinj+ ti(N/n;))=1 i= l,'K

Let € = Ej(l\//ﬂj), then (€i = U(Mmod 11;) 1#j) A (€ = L(mod 11;))

So X0 = T =€ satisfies X0 = @j(mod n;) i= 1, K

Now AN ,

x = aj(modn;) i=1L, Ko x—x0=0(modn;), i=1 Ko (x=xo(modN))

Q.E.D

As an example, we look at HanXing's Soldier Counting (8i{z5%)
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The Chinese above is a mystery poem-code of (**) below:

(x*) X = JOLXI3 + 211x15 + 1ol x17(mod 100) (LUO=3XoX7/)
Where LX1j = mMIN{m € *¥0 : JI(X — Mg the remainder of X by j.

The poem, in English sounds roughly like this to me:

Rarely you see 3 men walking together all above 70's,
But 5 and 21 surely show the beauty of plum blossoms,
7 sons' reunion expects full moon at middle month sky,
with these to a multiple of 105 you figure it out all!

Note: In Chinese lunar calendar, full moon always appears at the middle of the month. which
implies number 15.

Let's say someone chose a number in mind with remainders of 3,5 and 7 respectively as:
LY L, Lthen /U XU+ 21 X L+ 10 X 1 Fa30e the number in mind is 90 T LU0,

some 11 © £
(2) 1,4, Uthen /U X L + 41 X4+ 10 XU = Held&k the number in mind is 9 T 1UO#,
some 11 € £
(3) 1,3, 4Then /U X L + 41 X3+ 10 X4 = Hede the number in mind is 838 T 1UO#,
some 11 € £,

If we know the number's range is LK K+ lU:)f))r some & € £, we then get the definite answer.
So if you ask people choose a number from LL, 1OWhg let them to provide the remainders with
respect to 3,5 and 7, you know exactly what in their mind. This is quite amazing for most people.

But in US, figure out remainders is already too hard for most people... That's why we are good at
complicated measure systems: Let computer figure things out.
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