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PREFACE.

The present short text on sediment transport in alluvial

streams does not pretend to give a complete review on the present state

of knowIedge. Neither has it been the purpose to account for the histori

cal development of this particular branch of hyd r aulic science. Conse

quently, readers familiar with the subject wil! probably find, that many

important findings in recent years have not been included or have only

been mentioned superficially.

The immediate reason for writing has been a need for a

short textbook as a basis for lectures to be given at the Technical Uni

versity of Denmark for students specializing in hydraulic or coastal

engineering. Since this audience is very small it was decided to publish

the lectures in English.

As the general understanding of the basic mechanism of

sediment transport is at its beginning, it has been the aim of the author-s

to avoid all mathematical sophistication, so that the presentation is

based on simple "engineering methods" only. Although a short account

of basic hydraulics is included to ensure continuity, the text requires

knowledge of elementary fluid mechanics.

Central parts of the book is based on research carried out

at the Hydraulic Laboratory in Copenhagen. Some of the results have

previously been given only in discussions or in Progress Reports.

Frank Engelund and Eggert Hansen.

Technical University of Denmark,

Hydraulic Laboratory.

January 1967.
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List of symbols

A = area of cross section

a = migration velocity of sand waves

B = water surface width

c = volume concentration

CD = drag coefficient

D = mean depth

d = mean fall diameter

F = V/fgD = Froude number

f = friction factor

g = acceleration of gravity

H = energy level

LUI = loss of energy level

h = dune height

= energy gradient (slope)

k surface roughness ( - 2. 5 d)

L Meander (wave-)length

= length of dunes

n = porosity

Q = water discharge

q = (Q/B = VD) water discharge per unit width

QT = total sediment discharge (= QB + Qs)' volume of grains per second

qT = QT/B
QB = discharge of bed load

Qs = discharge of suspended load

~ = Uf d/V = Reynolds' number

s = 'Y /'Y = relative density of sediment grains
s

t = time

u = local flow velocity

Uf =VTO/P = friction velocity

V = mean velocity

w = settling velocity
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x, y, z = coordinates

'Y specific gravity of water

'Ys specific gravity of sediment grains

ó = thickness of boundary layer or viscous sublayer

<I> =QT/1(S-1)gd3

e = D I/(s-l)d

p = density of water

T = TI + Til = total bed shear stresso
T = critical bed shear stressc
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1. INTRODUCTION.

The theory of sediment transport induced by fluid flow is

one of the branches of modern hydraulic science in which a very intense

research is going on all over the world. This comprehensive interest is

weU justified by the numerous technical applications of the subject and

the obvious significance of the results in adjacent sciences such as

fluviology. Many civil-engineering works in the field of flood control,

canals for irrigation, reclamation, navigation and water supply is pro

foundly affected by moving sediments, so that a reasonably accurate

theory of sediment transport is a necessary basis for a satisfactory

design.
The main sources of sediment in natural streams are

erosion by overland flow, stream-channel erosion, bank cutting and

supply from small erosion channels formed in unconsolidated soil,

The term "alluviaI" is usually applied to streams in which

the moving sediment and the sediment in the underlying bed is of the

same character. However, most natural streams carry a certain amount

of very fine particles, the so-called wash load, that is not (or practically

not) represented in the bed. Consequently, the knowledge of bed material

composition does not permit any prediction of the rate of wash load

transportation. Fortunately, the wash load is of secondary importance

in most technical problems. When the term" total sediment discharge"

is applied in the following the wash load is neglected.

One of the main difficulties of our subject is that the bed

configuration depends on the discharge. Moreover, the hydraulic resist

ance is a complicated function of the bed configuration, so that we are

faced with a very intricate problem of mutual interaction. As the

problem ofsand wave formation depends on hydrodynamic stability, we

even find that changes in bed formation may have. a nearly discontinuous

character at a certain stage (shift from the lower to the upper flow regime).

But perhaps the most important obstacle to the development

of a really satisfactory sediment transport theary is that it presupposes

knowledge of the mutual interaction of suspended particles and the tur-
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bulence required to agitate the particle motion. Although such a theory

seems very remote, remarkable progress has been achieved by the

works of H. A. Einstein and R.A. Bagnold, briefly mentioned in

section 3.

Instead of pretending a mathematical description of the

transport mechanism in detail, the authors have tried to give a con

sistent survey of the macro-features of the problem by the application

of a general principle of similarity. Although the limits of validity of

this principle is not knownexactly to-day, it was found to be a useful

working hypothesis giving a reasonably accurate description of the

sediment discharge as well as of the hydraulic resistance in the most

important case of dune-covered bed.~ ..
2. SEDIMENT PROPERTlES.

2.1. General remarks.

The sediment carried by natural streams contains usually

particles ranging from gravel or sand down to very small particles

classified as silt or clay, The very fine fractions are carried as wash

load or even as colloidal suspension for which electrochemical forces

play a predominant role. It sbould be mentioned that flocculation of

colloidal particles may occur at the transition between fresh and salt

water.
For the hydraulics of alluvial streams the most significant

particles are those in the range of sand (0. 06 mm to 2 mm) and gravel

(2 mm to 20mm), and the following short account of sediment properties

is devoted to these fractions, exclusively. From a hydraulic point of

view the most important sediment properties are related to size, shape

and specific gravity.

2.2. Particle si ze characteristics.

The most usual and convenient method for the analysis of

particle size distribution is the sieve analysis, which is applicable for

particle sizes not smaller than 0.06 mmo An adequate number of repre

sentative sediment samples are analysed, and the result is presented as
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a frequency curve (figure 2.2. 1) or as a cumulative frequency curve

(distribution curve, figure 2.2.2).
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Figure 2.2.1 Figure 2.2.2

The frequency curve in figure 2.2.1 is based on a set of

sieves with meshes in geometrical progression, the abscissa representing

the so called sieve diameter d and the ordinate the concentration of the
s

total sample contained in the corresponding intervals of the ds. Very often

the distribution curve of sediments approaches the normal probability

curve when plotted as in figure 2.2.1, so that the distribution function is

log-normal.

The cumulative (or grain-size) curve in figure 2.2.2 is the

most usual graphical representation of the grain size analysis. In this the

ordinate indicates howmany per cent (byweight) of the total sample are

finer than the diameter d of the abscissa.s
The mean diameter is the median, i. e. ds corresponding

to 50 pct being finer, and it is usually denoted by d50. In hydraulic

theory the fractiles d35 and d65 have often been utilized to characterize

bed load diameter and surface roughness, respectively.

Another measure of particle size is the spherical diameter

d , defined as the diameter of a sphere having the same volume as the
v
given particle. In practice dv is determined by weighing a counted

number of partieles from a certain fraction of the sample.

It has been objected that neither the sieve diameter ds nor
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the spherical diameter dv takes any account of the shape of the sediment

grains. In this respect we may find the fall or sedimentation diameter df

more satisfactory.

The fall diameter of a particle is defined as the diameter

of a sphere having the same settling velocity in water at 240C. For a

fixed particle volume df will be greater for angular grains than for

rounded grains, sa that this size measure takes sorne account of the

shape, refer section 3 on roughness elements.

In table 2. 2. 1 are listed a number of simultaneous value s

of ds' dv and df for sorne typical fractions of natural sand. The ratio

between dv and ds is nearly constant, which is very natural when the

shape of the grains is not toa much dependent on the grain size. The fall

diameter df' however, becomes significantly smaller than ds and dv for

the larger grains.

Table 2.2.1.

Value s of ds' dv' df and w for typical sand fractions.

d d df W(100C) w(20°C)s v
mm mm mm m/sec m/sec
O. 089 0.10 0.10 0.005 O. 007

0.126 0.14 0.14 0.010 0.013

0.147 0.17 0.16 0.013 0.016

O. 208 0.22 0.22 0.023 0.028

0.25 0.25 0.25 0.028 0.033

0.29 0.30 O. 29 0.033 0.039

0.42 0.46 0.40 0.050 0.058

0.59 0.64 O. 55 0.077 0.084

0.76 0.80 O. 70 0.10 0.11

1. 25 1.4 1.0 0.15 0.16

1.8 1.9 1.2 0.17 0.17

The gradation of a given sediment sample is well character

ized by the frequency and distribution curves. The standard deviation o

is a rational measure for the width of the frequency curve and increases
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(for a given average grain size) with increasing gradation. Hence, the

ratio O/d50 is suitable for numerical characterization of the gradation

of the sand.
Another simple measure of the gradation is the sorting

coefficient S defined as the square root of the ratio between two com

plementary grain sizes, for instanee S =1d75/d25 . River bed material

has sorting coeffcients between 1.2 and 3, but most frequently values

smaller than 1. 6 are found.

It may be convenient to plot the distribution curve on

logarithmic probability paper, see figure 2.2.3. If this leads to a

straight line , it is concluded that the distribution is log-normal, while

99 /
98 /
~ / /
~ I /

/
ti / ~-

4 /
~ / /., I </
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1 //
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0.1 0..5 1.0
d

Dmm

Figure 2.2. 3

deviation indicates skewness. The inclination is evidently a measure of

the uniformity of the sediment.

2.3. Specific gravity.

The specific gravity -ys of the grains is the parameter

which exhibits the smallest variation under natural conditions.

The ratio
s = -y /-y , (2. 3. 1)

s
in which -y denotes the specific gravity of water at 4oe is called the

relative density. In the following we adopt the value s = 2.65 for natural

sediments. To be in accordance with traditional definitions of dimension-
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less quantities the symbol s is retained in many of the expressions

developed in subsequent sections.

2.4. Settling velocity.

By the settling or fall velocity w of a grain we understand

the terminal velocity attained when the grain is settling in an extended

fluid under the action of gravity.

The fall velocity w depends on several parameters the

most important of which are grain size, specific gravity, shape and the

dynamic viscosity of the fluid.

The drag force F on a submerged body is given by the

general expression

F=c .lpVzAD 2 ,

in which "n is the drag coefficient, p the density of the f'luid, V the

relative velocity and A the area of the projection of the body upon a

plane normal to the flow direction.

Consider now the settling of a single spherical particle of

diameter d. The combined action of gravity and boyancy gives the force

cy - 1') 2: d 3
S 6

which under equilibrium conditions must be balanced by the drag, so that

we obtain the following equation

(I' - 1') 2: d 3 = C
s 6 D

from which

4(s-l)gd
3cD (2.4.2)w=

For a single spherical particle in an extended fluid the value of "n
depends on the Reynolds' number.

wd
R =v (2.4.3)

exclusively. The relationship is given in double-Iogarithmic plot in

figure 2.4. I.

For very small values of R the law of Stokes will apply:

F = 3n J.1 d w , (2.4.4)
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corresponding to the expression

CD = 24/R

Under these circumstances eq. (2. 4. 2) becomes

(s-l)gdZ

18 v

(2.4.5)

w= (2.4.6)

w'
W
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Figure 2.4.1 Figure 2.4.2

If the sphere is not single but one of many settling sirnul

taneously., the observed fall velocity w' is smaller than the above ex

pression indicates, the ratio w' Iw being a function of the volume con

centration c, see figure 2.4.2, which is based on experiments by

Richardson and Zaki, [11. The drag coefficient CDof a sand particle

differs from that of a sphere with the same volume, CDbeing dependent

on the shape of the grain. In table 2. 2. 1 are listed a number of fall

velocities corresponding to the various sand fractions.

In figure 2.4. 3 the value of CDfor a number of typical sand

fractions is plotted against the Reynolds' number R = w div. For thev
sake of simplicity CDis defined by the expression

F=c .!pwz!2:dzD 4 v
(2.4.7)
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2.5. Other properties.

A number of sediment properties of secondary importance

do not appear explicitely in the theories, either because they are of

negligible influence or because our present knowledge of this influence

is negligible.
The most important of these properties are possibly the

shape and gradation as mentioned above. The neglect of these is probaly

among the main reasons for the relatively large scatter experienced,

when present sediment transport theories are compared with observations.

Another property of presumingly significant influence is the

friction angle (statie and dynamic) of the sediment, which in turn depends

on the porosity (resp. conceritration.j,
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3. HYDRAULICS OF ALLUVIAL STREAMS.

3.1. Some general definitions.

From the general hydraulic theory we knowthat in principle

it is necessary to make a distinction between hydraulic smooth and rough

walIs. In open-channel hydraulics, however, there are few exceptions

to the rule that the bed must be considered rough, particularly in case

of movable bed.

The flow in a prismatic channel is said to be uniform when

the mean depth does not change. In alluvial channels the stream bed will

usually be covered by dunes, constituting irregularities of a magnitude

not negligible as compared with the depth of water, so that - strictly

speaking - such flows cannot be uniform in detail. Further, such

streams are neither rectilinear nor of constant width. However, in order

to develop a simple mathematical description, it is the general practice

to neglect minor fluctuations of the cross section and to consider the

dunes merely as roughness elements. With such idealizations in mind

it becomes possible to maintain the definition of uniformity, and in the

following text we only consider flows which may be considered uniform

in this sense.

A flow is steady when it does not change in time. In this

very rigorous sense hardly any flow occurring in practice is really

steady. In alluvial channels the dunes are migrating downstream,

changing in size and shape, hence causing a continuous variation of the

flow. Fortunately, this change of the flow is always so slow that for all

practical purposes it does not affect the applicability of the simple

steady- state relationships of elementary hydraulic s.

In a steady, uniform open-channel flow the average shear

stress T0 (tractive force) at the stream bed is found from a simple equi

librium condition to be

TO='YDI , "!d~a,;.,-~(3.1.1)
in which 'Y is the specific gravity of the water, D is the mean depth and

I is the energy gradient (slope). The friction velocity Uf is then defined

15



as

(3.1.2)

The friction factor f is defined by the relation

V2 1
I = f --2g D (3.1. 3)

where V is the mean velocity and g the acceleration of gravity. From

this we find the following simple expression

V =~ f gD I or V = U"\~dr (3.1. 4)

One of the main purposes of the following development is to express the

friction factor in terms of the parameters necessary to describe the flow

in alIuvial channels.

A non-dimensional parameter of basic importance is the

Froude number F, defined as

VF=--

liD
(3.1.5)

When F < 1 the flow is said to be subcrtitical, while F> 1 corresponds

to supercritical flow. C'ritical flow occurs whenF = 1, so that V =~.

The physical interpretation of this situation is, that the flow velocity V

is equal to the celerity

c =,rgD
of a surge wave.

When the Froude number is introduced, eq. (3. 1. 3) is re-

written as
(3.1.6)

The stream bed is called hydraulic smooth if a viscous sublayer is

formed. The average thickness 6 of the sublayer is usually calculated

from the expression

11.6 v6=-
Uf

in which v is the kinematic viscosity of the fluid. Hence, for increasing

(3.1.7)

velocity 6 is decreasing. When 6 becomes of a magnitude comparable

to that of the roughness elements of the bed the sublayer is "broken" .

When the quantity calculated by eq. (3. 1.7) is smaller than the equivalent

16



sand roughness k of the bed no viscous sublayer wiU occur, and the bed

is said to be hydraulic rough. The transition between smooth and rough

conditions depends on the detailed structure and distribution of the rough-

ness elements.

In fully turbulent flow the shear is transferred by the ex

change of momentum caused by the turbulent fluctuations. Near a smooth

boundary the turbulence ceases and the shear is transferred to the wall

through the sublayer essentially by viscous forces.

At a rough wall conditions are different, as no viscous sub

layer is present. In this case the shear stress is transferred to the wall

as drag (and shear) on the individual roughness elements. The distribution

of the velocity U of the mean motion is given by

U YU = 8. 5 + 2. 5 In k
f

in which k denotes the sand roughness and y the distance from the wall,

[2]. The average velocity V along the vertical is given by

V D
Uf = 6 + 2.5 In k (3.1. 8)

The energy dissipation is defined as the part of the total
c.tAtA

mechanical energy that is transferred into heat. Per unit l.e.ng.th_of a
"._._,j r' . I.~ :.;:

uniform channel flow it amounts to T0V. Considering the expression

T0 V = '1 (DV) I = '1 q I

we realize that the energy gradient is found as

I = T0 V/'1 q (3.1.9)

3.2. Critical bed shear.

Consider a fluid flow over a bed composed of cohesionless

grains. What are the factors determining whether sediment motion will

occur or not?

For quite a long time it was common to consider the mean

velocity of the flow the determining factor. In this way the concept of a

critical velocity was introduced indicating that for velocities greater than

the critical sediment motion wi.Iloccur , while the grains will be immobile

for velocities less than the critica!. These findings were quite empirical
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and resulted in critical velocities which varied with the size of the grains

as well as the water depth.

Later on a more rational approach to this problem was

achieved by considering the dynamic equilibrium of the most exposed bed

grains.
Thus let us proceed to discuss the forces acting on the bed

grains, see figure 3. 2. 1

Figur. 3.2.1

First we have a horizontal drag FD created by the flow.

FD consists of a skin friction acting on the surface of the grain and a

form drag due to a pressure difference on the up- and downstream sides

of the grain. From elementary theory of drag we know that

F =c l.pU2d2D D 2

where U is a characteristic velocity near the bed, d is the grain diameter,

and c is the drag coefficient which is known to depend on the local Rey-D
nolds ' number R = U d/V and the grain form. (This dependance is shown

for a single spherical particle in figure 2.4. 3) In the following it is

assumed that the shape effects are accounted for sufficiently well by

using the fall diameter.

Taking the friction velocity UF =1Ta/pas the characteristic

velocity U we find

(3.2.1)

18



Thus FD is found to be proportional to the bed shear

Ta='YDL

Generally also a lifting force FL in excess of the natural

boyancy is created by the flow. This lift is prirnarily due to deviations

from the hydrostatic pressure distribution around the grain. Near the

upper part of the grain the pressure win locally decrease below the hydro

static pressure, while an excess pressure will be created at the lower

part of the grain.

In order to understand the appearance of such pressure

deviations let us consider a simple model consisting of uniform spheres

arranged in a hexagonal pattern on aplane, see figure 3.2. 2.

~I:of
flow

TOPVIEW

SECTIONA-A

Figu re 3.2.2

Near the bed the flow will have a curvilinear character,

i.e. just above a sphere it win be upward convex, while it wiU be down

ward convex between two grains, see figure 3.2.2. The fluid in between

the spheres is assumed to be motionless and separated from the flowing

fluid by a zone of separation.

In order to make such a curvilinear flow possible we must

have some balancing centripetal forces proportional to l1p1 dZand

l1pz dz, respectiveIy. where l1Pl is the underpressure at the top of a

sphere and l1pz the excess pressure in the fluid at rest between the

spheres. Taking UF =1Talp as a characteristic velocity near the bed it

is easily found from dimensional reasons that the corresponding centri

fugal forces are proportional to

pd3 (Uz/d)=pUz dZ
F F

19



Thus we have

from which we obtain for F L

(3.2.2)

that is proportional to the bed shear stress TO.

In case of a natural grain bed the situation is much more

complicated. However, qualitatively eq. (3. 2. 2) may still be considered

valid so that it can be concluded that the agitating forces FD and FL both

vary in proportion to the shear TO.

The immersed weight of a grain W - cy -'i) d 3 is the stabil
s

izing force on a grain.

Now it is evident that the mobility of the grains depends

upon the relative size of the forces FD, FLand W. Thus it is natural to

introduce a parameter erepresenting the ratio between the agitating

e DI
UZ
f

forces (FD and FL) and the stabilizing force (W). We define

)'(s-l)d (s - 1) d (s- l)g d

e is seen to be a dimensionless form of the bed shear TO. As mentioned

above the grain begins to move if the ratio e exceeds a certain critical

value ec' which may be some function of R, so that

o
0.0
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0.0
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(3.2.4)

where the thickness 6 of the viscous sublayer has been introduced by

substitution of eq. (3. 1. 7). The relation (3.2.4) was first pointed out by

Shields, [3]. An experimental determination was also made by Shields

in case of uniform grains. The result is shown in figure 3.2.3.

The bed shear Tc corresponding to incipient grain motion is denoted the

critical bed shear. From eq. (3. 2. 3) we obtain

(3.2.5)

Shields'experiments showed that for large values of

UF d/V we have Sc z: 0.06.

3.3. Transport mechanisms.

Of the total sediment load a distinction in two categories

is made, the bed load and the suspended load. No precise def'initions of

these terms have been given so far, but the basic idea in splitting up the

total sediment load in two parts is that roughly speaking two different

mechanisms are effective by the transport.

The bed load is defined as the part of the total load that is

in more or Iess continuous contact with the bed during the transport. It

primarily includes grains that roll, slide or jurnp along the bed. Thus

the bed load must be determined almost exclusively by the effective bed

shear acting direct on the sand surface.

The suspended load is the part of the total load that is

moving without continuous contact with the bed, as a result of the

agitation of fluid turbulence.

For given hydr-aul.i c and sediment characteristics what is

the rate of sediment transport in an alluvial channel?

This question has been challenging a great number of

scientists for nearly a century.

The first important analysis of the problem of bed load

transport is due to Du Boys (1879), [4]. Ris approach is based on the

over-simplified picture of mutually sliding layers of bed mate rial.
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H. A. Einstein departed radically fr om the Du Bous type of

analysis in his approach to the problem of bed load transport, [5). Thus

he introduced a theory of probability in order to account for the statistical

variation of the agitating forces on bed grains caused by the turbulent

fluid motion.

W1• lOOd

Figure 3.3.1

If the magnitude of the instantaneous agitating forces on a

certain bed partiele exceeds that of the corresponding stabilizing forces

the particle is eroded and begins to jump, roll or slide along the bed un

til it finally is deposited at a locality where the magnitude of the instant

aneous agitating forces is smaller than that of the stabilizing forces. On

experimental basis Einstein assumes that the mean distance travelled by

a sand grain between erosion and subsequent deposition is proportional
to the grain diameter and independent of the hydraulic conditions and the

amount of sediment in motion. Einstein suggests a constant of proportion-

ality of approximately 100.

The statistical point of view throws a new light on the con

cept of critical bed shear. A critical mean bed shear for the whole

channel is no longer relevant as there will always be a certain positive

probability for the instantaneous shear stress at some locality to exceed

any finite value and thus cause partiele motion. At a given locality of the

bed, however, it still gives a meaning to talk about a critical shear stress,

which becomes surpassed every time a partiele is eroded from this

locality.

The principle in Einstein' s procedure is the following: He

considers what happens within a unit area of the bed. The number of

grains deposited within this unit area depends on the number of grains in

motion ( that is of the rate of transport) as weIl as on the probability that
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the dynamical forces admit the grains to deposito The number of grains

eroded from the same unit area depends on the number of particles wi th

in this area as weU as on the probability that the hydrodynamic forces

on these grains are sufficiently str-eng to move them. For equilibrium

conditions the number of grains deposited must equal the number of

grains eroded.

In this way a functional relationshlp is obtained between the

two dimensionless quantities

qB
<P =
B 19(5-1)d3

qB is the rate of bed load transport in volume of mate rial

per unit time width of section. Thus <PBis a dimensionless form of the

bed load discharge , while e is the previously introduced dimensionless

and e TO DI
-y (s-l) d = (s-l) d

form of the bed shear, eq. (3. 2. 3).

Einstein' s <PB-e relationship is a rather complicated ex

pression . However, for smaU sediment discharges <PB< 10, it follows

rather closely the simple relation

<PB= 8(e - 0.047)3/2 (3.3.1)

10

[ft.
Meyer- eter's beVloae form~

-1
eq.( ~~/.
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-
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CD 10

Figure 3.3.2
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This expression is obtained by Meyer-Peter [6] on the

basis of extensive flurne experiments.

Thus for small bed load discharges Einstein' s theory pre

dicts the transport rate very well. For large amounts of bed load

(<l>B>10), however, a significant deviation between Einstein' s bed Ioad

function and experiments is found.

Let us consider the ideal case of a fluid flow over a bed of

uniform spheres, perfectly piled and therefore equally exposed. All

statistical variations due to turbulence are disregarded.

What happens if the bed shear exceeds the corresponding

critical val.ue ? As the particles in the upper layer are equally exposed

the whole top layer is then peeled off simultaneously and becomes dis

persed. Hence the next layer of particles is exposed to the flow and should

consequently also be peeled off. Thus the immediate consequence is that

all the subsequent underlying layers of grains are also eroded, so that

no grain bed could exist at all, when the bed shear exceeds the critical.

However, general experience tells us that a grain bed exists for all

practical situations.

This paradox may have been ane of the main reasons for

the basic works of R.A. Bagnold [7] and [8]. In the first of these works

Bagnold considers the dynamics of a fluid-particle mixture in shearing

motion under several ideal conditions. In the second work he appl.ies the

results obtained in [7 J to the specific case of a water- sediment mixture

flowing over a gravity bed.

Bagnald introduces several assumptions, the following two

being the most fundamental:

(i) The total overall shear stress T in the mixture is separ-

able in two parts, viz.

T=TF+TG

where T is the shear stress transmitted through the intergranular fluid.
F

Correspondingly TG is the shear stress transmitted because 0 the inter-

change of momentum caused by the encounters of the grains (tangential

(3.3.2)
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dispersive stress).

(ii) Also a normal stress (dispersive pressure) 0G is developed

in a shearing fluid-partiele mixture beeause of the eneounters of the

grains. TG and 0G are linked together by a relationship of the form

(3.3.3)

where tan a is adynamie analogue of the statie friction eoefficient.From

experiments Bagnold finds tan a to take on value s between 0.32 and 0.75

corresponding to encounter conditions where inertialor viseous effects

are dominating, respectively.

In relation to assumption (i) the separation of the total

shear stress is sketched for a uniform channel flow for which the total

Figure 3.3.3

shear stress is knownto vary linearly. The actual distribution of TG

naturally depends on the amount of sediment in motion.

According to Bagnold the immersed weight of the suspended

load is balanced exclusively by an excess static fluid pressure, while the

immersed weight of the bed load is transmitted to the stationary grains

of the fixed bed by the dispersive pressure induced by the collisions of

the dispersed grains.

Within the framework of Bagnold' s theory as outlined above

it is now easy to explain the paradox described above.

When a layer of spheres is peeled off some of the spheres

will go in suspenston. while others will be transported as bed load. Thus

a dispersive pressure on the next layer of grains will develop. This

means , however, according to eqs. (3. 3. 2) and (3.3.3) that a certain

part of the total bed shear is transmi tted as a grain shear stress TG and
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a corresponding minor part as the fluid stress (TF = T - TG)' Continuing

this argumentation it will be understood that exactly as many layers of

grains will be eroded that the residual fluid stress TF = T - TG on the

first immovable layer equal s the critical bed shear stress TC'

The mechanism in the transmission of a fluid shear stress

T greater than the critical to the fixed bed is then the following: The part

T is transferred direct from the fluid to the immobile bed. The residualc
stress T - Tc is transferred (by drag) to the moving particles and further

from these to the fixed bed as a tangential dispersive stress.

Finally in this section we wil! deduce the classical

differential equation for the distribution of suspended load in a steady,

uniform and two-dimensional open channel flow.

Let c denote the temporal mean value of the concentration

of suspended load at a certain height y above the bed. We consider a

unit area parallel to the bed at the same height y.

o
-E de~ t Sdy

we
y

::::.:-:., .::,.,' ::-.".

Figure 3.3.4

Because of the settling of the suspended grains this area

is passed in the downward direction per unit of time by the following

amount (m 3/ s· m Z ) of grain mate rial

wc

where w is the settling velocity of the grains. Because of the turbulent

motion a (turbulent)diffusion of suspended load will occur in the direction

of decreasing values of c, i. e. upwards. THis diffusion is to a first

approximation proportional to the rate of change of c. Thus we find that

the amount of sediment lifted through the unit area equals
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dc
- es dy

where es is the diffusion coefficient for suspended load. The negative

sign is due to the fact that dC/dy is negative.~~ ... ,( r :rt-h- J 'I{ 0' ,j I,
Thus thecondition for an equilibrium distribution of sus- I ,h .A, ~~, F

pended load is given by the following differential equation

e; dc + W C = 0
S dy

(3.3.4)

€S is an unknownquantity for which we have to make

assumptions before eq. (3. 3. 4) can be solved.

Usually it is assumed that €S is equal to (or proportional

tol the eddy viscosity for the flow, so that

€ - € = IC U y(l - l.)
S f D

in which IC is v. Kármán' s universal constant, approximately equal to

0.4. Substitution into eq. (3. 3. 4) and separation gives

dc
c

w dy

IC Uf y(l _ l.)
D

or by integration
z

C = const .. (D-Y) , where z
y

w
(3.3.5)

This expression is due to H. Rouse [9] and has been conf irmed

experimentally by V. Vanoni, [10].

No general method for prediction of the constant in

eq. (3. 3. 5) seems to be available to-day.

3.4. Bed configurations.

A plane stream bed will usually not be stable , but tends to

break up and form one of the bed configurations discussed below. To give

a general review of the most important possibilities we imagine the

experiments in a f'lurne in which the velocity is gradually increased, see

figure 3.4.1. If the bed shear stress is plotted against velocity we get

a reasonably well-defined relationship suitable for a general review. The

dotted curve indicates the pure skin friction T', see section 3. 6.
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Figure 3.4.1

When the velocity is so small that the bed shear stress is

below the critical value no sediment transport is taking place and the bed

will consequently remain plane.

Ripples.

When the critical tractive force is exceeded so that sedi-

ment transport starts, the bed will be unstable. In case of fine sediment,

ripples are formed, while coarse sediments usually will form dunes,

Ripples is the notation of small triangular-shaped sand

waves, usually shorter than about O.6 meters and not higher than about

60 rnrn, see figure 3.4.2.

As mentioned in section 3. 1 a viscous sublayer is formed

when the flow velocity is small, while it gradually disappears for in

creasing velocity. It is natural~to assume that ripples are formed if a~
viscous layer is present when the critical tractive force is just surpassed,

while dunes are formed if the bed is hydraulic rough. An indication in this

direction is obtained from table 3.4. 1, in which the limit between ripples

and dunes has been found from flume experiments [11 J and the corres-

28



ponding values of R (= Reynolds' number for the grains)is indicated.

Figure 3.4.2

Table 3.4.1

Value of R = Ufdfv for limit between ripples and dunes

d 0.19 0.27 0.28 0.45 0.47 0.93mm

R 7.3 10.3 11. 0 11.7 12.2 -

For the coarsest sand no ripples are formed. Although the critical

value of R is not completely constant, this table gives a first crude

criterion for the transition between ripple and dune formation. Note, that

a critical value of R = 11. 6 corresponds to d =ó, cf eq. (3.1.7)

Dunes.

The large, more or less irregular, sand waves usually formed

in natural streams are called dunes, see figure 3.4.3.

The longitudinal profile of a dune is often nearly triangular,

having a slightly curved upstream surface and a downstream slope

approximately equal to the friction angle (angle of repose) of the bed

material figure 3.4.4.
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Figure 3.4.3
(By permission reproduced from [31] )

Figure 3.4.4

At the lee side of each dune a bottom roller is formed. Above

this - in the immediate continuation of the crest - a zone of violent free

turbulence is formed, in which the production of turbulent energy is very

large. The conditions are very similar to those found in other weIl=known

cases of free turbulent flow as for instance in jets and wakes. Near the

trough the sediment particle s are moved by this turbulence, probably

even when the local shear stress is below the critical, [12]. On the main

part of the dune the shear stress is moving the particles along the in

clined surface until they r ol.l over the crest and become buried in the bed

for a while. As particles are eroded from the stream side and deposited
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at the lee side of the dune , we get a continuous downstream migration of

the dune s ,

To investigate this transport a little closer let us do the sim

plifying assumption that the dunes are moving at a constant velocity a and

without any change in shape. This is of course not true in detail but re

presents all the essential features of the problem with sufficient accuracy.

Under these conditions the shape of the bed is described by an expression

of the form

y = q.>(x - at) (3.4. I)

in which t is the time, y the local height of the dune above an x-axis

placed through the troughs, see figure 3.4.4. Next we consider the

sediment discharge qT at two consecutive sections, spaeed a unit length

in the x-direction.

The net outflow of sediment is

which must equal the change in bed elevation when correction for the

porosity n of the bed mate rial is considered. Hence, we get the equation

of continuity:

ày
- (I - n) öt (3.4.2)

If eq. (3.4. I) is substituted into eq. (3.4.2) it becomes obvious that the

equations are satisfied if we put

(3.4.3)

The quantity qo is a constant, immediately interpreted as the value of qT

for y = 0, i.e. at the troughs where the bed load vanishes. qo is the part

of the total sediment discharge that does not take part in the bed process,

and it is consequently identified with the suspended load.

For the bed Ioad we then obtain the interesting relation

qB = a(1 - n) y (3.4.4)

from which we see that the local intensity of bed load transport is pro

portional to the local height of the bed above the plane through the troughs.
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This indicates that the shear stress T' at the dune surface must vary

from zero at the trough to a maximum at the crest, an assumption con

firmed by measurements published by A. J. Raudkivi, [121.

From the above description it appears that the hydraulic re sist

ance is determined by two types of roughness elements of very different

scale, the grains and the dunes.

A transport process of this type will cause local segregation of

the bed material if the gradation is large, so that the material found in

the crest is finer than the material found at the trough.

The dune pattern is often irregular and continuously changing,

so that dune height and length are stochastic variables more or less

difficult to define exactly. A rational approach has been presented by

C. F. Nordin and J. H. Algert [131, who suggested aspectral analysis of

the pattern. It often happens that smaller dunes are formed at the stream

side of larger ones, moving onto the·crest and changing the height and

migration velocity of these.

At the smaller transport ratio ripples may occur locally,

particularly near the troughs.

Transition a nd p l a ne bed.

Through a region of transition a state of plane bed is approached.

This state is really stabie in the sense that smal! disturbances wil! be

smoothed out rapidly. For fine sediments arid large depths the transition.

zone is very narrow, while it may be very extended and diffuse in case

of coarse material and smal! depths.

The question of plane bed contra the formation of sand waves

has been treated as a problem of stability, [141, a semi-empirical

approach yielding a rough account of the most important features of the

bed configurations. The basic idea of the stability analysis is that the

originally plane sand bed is assumed to be deformed irito a two-dimension

al sinusoidal shape. If the amplitude of this perturbation - by the appli

cation of the flow equations - is found to increase in time, the plane bed

is evidently unstable, while a decrease indicates stability. For the so-
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called neutral disturbances the amplitude remains unchanged correspond

ing to the transition between stable and unstable conditions.

Linear stability theory can only answer the question of initial

stability that is stability for infinitely srnal.l disturbances. When the

amplitude becomes finite secondary effects intervene, so that the further

development of the perturbation is determined by the balance between the

originally agitating mechanism and the the damping originating from the

secondary effects not accounted for in the linear theory.

If the plane bed is actually unstable, two dûferent possibilities

are open. In one case separation will occur at the downstream side of

the bed ondulations, and the formation of dunes (or ripples) will be the

re sult. In the other case the secondary effects will stop the exponential

amplûication of the amplitude, so that a finite amplitude is reached

(standing waves).

A similar analysis is given by J. F. Kennedy, [151 and O.

Reynolds, [161.

The transition zone is said to separate the lower and the upper

flow regime, see figure 3.4. 1.

Anti-dunes.

For increasing flow velocity an unsteady flow pattern corres

ponding to the so-called anti-dunes is formed. The bed profile and the

water surface are both roughly sinusoidal, but out of phase,

Figure 3.4.5 Figure 3.4.6

At higher Froude numbers the amplitude of the surface profiles

tend to grow until breaking occurs, as indicated in figure 3.4. 5. After

breaking the amplitude may be small for a while, and theh the process
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of increase and breaking is repeated. The name anti-dune indicates the

fact that the bed and surface profiles are tnoving upstream, particularly

immediately before breaking.

Previously we found that the rate of sediment transport qT was

given by eq. (3.4.3):

qT = qo + a(l - n) y.

As a is negative for anti-dunes we conclude that qT is minimum at the

crests and maximum in the troughs.

An extreme form of the anti-dune, occurring at high velocities

(large Froude numbers) is the chute- and -pool flow indicated in figure

3.4.6. In this flow series of steep chutes with supercritical flow are

separated by pools in which hydr-aulic jumps are formed.

Prediction of bed configuration.

The short account of the various bed forms given above does

not make it possible to predict the precise flow conditions for a given

channel flow. Although a diagram as that in figure 3.4.1 is often rather

well defined, it should be born in mind that it is different for different

sediment sizes. However, by the introduction of suitable dimensionless

variables, these different diagrams may be mapped into a single plot

common for all sediment sizes, except as regards the transition zone,

see section 4.

From figure 3.4.1 it is evident (as pointed out by N. H.

Brooks, [17]), that the flow velocity is no single-valued function of the

bed shear. However, for a given flume (or channel) and bed material the

flow is uniquely determi ned from the discharge Q and the rate of total

sediment transport QT' wash load being neglected. This is utilized in the

design chart presented in figure 6.2.1, where also suitable non-dimension

al variables are applied.

3.5. Shape effects.

The shape of the cross section has a certain, but generally

not dominating effect on the bed configuration and sediment transport rate.

At first we consider the flow in rectangular flumes. If the
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width of the flume is infinite, we have a situation like that in figure 3.5.1,

where the shear is uniform equal to YDI. For a flume of finite width

Figure 3.5.1 Figure 3.52

some of the shear stress is necessarily transferred to the side walls, so

that the bottom shear will be less than I'DI, at least near the walls, and

in narrow flumes all over the bed (figure 3. 5. 2).

Firstly this reduces the average bed shear, secondly it makes

the distribution of the shear stress non-uniform. The reduction depends

on the depth-width ratio of the flume and on the hydraulic roughness of

bed and side walls. Because of this shape effect the results from narrow

experimental flumes should be considered with some reservation, even

when theoretical side-wall correction has been performed.

Another phenomenoncaused by the existence of side walls

is the secondary currents, first described by L. Pr andtl , [18). The effect

on the transportation of suspended laad has been discussed by Chiu and

McSparrow, [19).

Most natural streams are shallow in the sense that the mean

depth D is small as compared with the surface width B. If the local depth

is y, see figure 3.5.3, the bed shear stress is found to be

B
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Figure 3.5.3
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(3.5. 1)

if the shear forces in vertical sections are neglected. By integration all

over the wetted parameter P we get

Sp TOd P z: Tm P c: Tm B = -y I A

so that the mean shear stress T becomes
m

T = -y I A/B = -y D I (3.5.2)m

From this simple analysis it is evident that the shape is a factor of some

importance. The shear stress varies in linear proportion to the depth

according to eq. (3. 5. 1), which means that the bed configuration may

change considerably in a given cross section. For instance, it may happen

that plane bed and standing waves occur in the middIe part of the streams,

while dunes or ripples are formed near the banks ,

The flow in natural streams is often referred to flow in

rectangular flumes in the simple way that variations are neglected, so

that the mean depth and shear stress are applied, when hydraulic resist

ance and sediment transport are calculated, Even when the bed is covered

by dunes in the whoIe cross section, this method is rather crude. The

authors suggested on the basis of a theoretical analysis [14], that D

should be substituted by the quantity 2e, where e is the depth below

water surface of the "centre of gravity" of the cross section.

For a rectangular cross section we get 2e = D, while for a

shallow tr iangular- we get 2e = 1.33 D. Hence, in general the shape effect

caused by the non-uniform distribution of the boundary shear str-ess is

not negligible. However, no experimental investigations seem to exist

and the Iack of exact knowledge of the hydraulic resistance of aUuvial

streams makes it acceptable at the present state of development to

neglect the shape effect.

Secondary currents occur in natur-al streams as weIl as in

flumes, particuIarIy in relation to bends. The secondary currents in

duced by meandering of the streams have a pronounced influence on the

shape of the cross section, as indicated in figure 3. 5.4.
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Section A-A

Figure 15.4

3.6. The effective bed shear stress T'.

Dunes are the bed configuration that is by far the most im

portant in practice. Unfortunately it is al.so the most difficult case to

deal with theoretically, because the dune pattern is not knownbeforehand

and because it changes in a complicated manner when flow conditions are

changed.
It was mentioned in section 3.4 that the hydraulic resistance

originates from two different types of roughness elements of very differ

ent scale , The small scale roughness is the sediment grains at the sur

face of the dunes , while a dune in itself acts as macroscopie roughness

element.
In accordance with this picture the total bed shear stress

T0 = 'Y D I is divided in two different parts

1"O=T'+T", (3.6.1)

of which T' is the mean value of the part acting directly as a friction on the

surface of a dune, while the residual part T" corresponds to a "fer-m drag"

on the dunes, due to the fact that the water pressure is larger at the

rear side than at the lee side. It is evident that the transport of bed load

must be related to T' only, for which reason this is called the effective

bed shear.
From the definition of the friction factor f we get

T =f!pVZo (3.6.2)

and similarly

T' = f' ! p VZ (3.6.3)

A more profound understanding of the flow over a dune

covered bed is obtained by the discussion of figure 3. 6. 1, which is a
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vertical longitudinal section through the channel.

Figure 3.6.1

Immediately downstream the crest a wake-like flow is

f'or-med. in which a large amount of turbulent energy is produced. This

is dissipated into heat further downstream, thus causing the well-known

"expansion loss". At high Froude numbers a boil is formed at the water

surface a Iittle downstream from the expansion.

At the end of the trough a boundary layer is formed, in

which the velocity gradient is large, while the velocity distribution out

side this layer is very uniform.

Now it is natural to assume that the upper flow and the

boundary layer flow are independent of each other in the sense that no

essential amount of energy is exchanged between them. Hence, the energy

gradient of the boundary layer flow (defined as the dissipation divided by

unit weight and discharge, see eq. (3. 1. 9)) must equal that of the upper

layer and that of the tbtal flow.

T' V' f' t p VZ f' VZ
I = "tV' D' = "t D' = 2g D' (3.6.4)

in which V'· is the mean velocity in the boundary layer. As al so

f VZ
1=--

2g D

we get the expression

ft f
Dt = D (3.6.5)

From this and the equation

we further obtain
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The friction factor f" for the boundary is determined by a formula of the

type

D'
c + 2.5 Ink

in which k is the equivalent sand roughness as defined by Nikuradse,

[2] , while c is a constant, depending on the unknown velocity distribu

tion in the layer. As we must have f = f" for D =D' we take c = 6 and

get finally

v D'
6 + 2.5 Ink (3.6.6)

fgIYI
This equation was originally suggested by H. A. Einstein [5], who obtained

it as an analogy to his method of calculating side wall correction. The

present method, however crude, has the immediate advantage of giving

an interpretation of D' as the boundary layer thickness. As to experi

mental support reference is made to a paper by Meyer-Peter and MUller,

[6], who developed an expression of different appearance, but numerically

very close to that of Einstein.

Combining eqs. (3.6.2), (3.6.3) and (3.6.5) we get the irn-

portant expression

T' = -y D' I . (3.6.7)

Finally the magnitude of the sand roughness k should be discussed. For

a plane non-moving sand bed it follows from Nikuradse' s experiments,

that we should expect k c- d. In case of moving sand grains we can get

some information of the roughness by investigation of flows without ex-

pansion losses;that means fIow s with plane bed and standing waves.

analysis has indicated a value of k:: 2.5 d on an average, where d

denotes the mean fall diameter.

An

For later use we note that the logarithmic expression

(3.6.6) may be appr-oxirnated by a power formula for a rather wide inter

val of D' Ik. For most practical cases we may put
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v

iiDrI
, 1/8

9. 45 (~)

approximating eq. (3. 6.6) within a 5 pct. margin of error in the interval

4
13 «ir}«« 1.5'10

This gives the simple for-mula

V = 9. 45ji D' 5/ 8 11/ 2

Bfk
(3.6.8)

4. THE SIMILARITYPRINCIPLE.

4.1. Basic parameters.

When confronted with the problem of collecting extensive

empirical data into a consistent system the first aim must be to obtain

a system of non-dimensional parameters just sufficient to characterize

the flow system completely. The approach presented below makes use

of simple similarity considerations, which is feasible when the effect of

viscous shear is negligible, i. e. for dunes and the upper flow regime.

In case of ripples a more or less pronounced scale effect must be ex-

pected.
At first, however, it is convenient to derive a simple

equation for the hydraulic resistance. In case of a dune-covered bed it

was mentioned in section 3.6, that one part of the totalloss of mechanic-

al energy is due to the flow expansions after each crest and another part

to friction. In case of anti-dunes the flow does not separate from the bed,

but breaking at the water surface causes a loss similar to the expansion

loss. In the following the arguments concentrate on the dune case, but

some of the final results are sufficiently general to account for essential

features of the upper flow regime too,

The magnitude of the expansion loss m" may be estimated

from Carnot' s formula

m" = a (U 1 - Uz )z
2g (4.1.1)

in which U1 is the velocity before the expansion (i. e . above the crest)
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and Uz the smaller mean velocity downstream from the crest. a is a

non-dimensional coefficient depending on the flow geometry.

When the dune height is denoted hand the mean depth D,

we get
u - q and
1 - D - th

so that eq. (4. 1. 1) becomes

u - q
z - D+ th '

(4.1.2)

The energy gradient I is the energy loss per unit length of the channel.

Hence, we get
flH"

I = I' +--1
(4.1.3)

in which I' is the gradient due to friction and 1 is the dune length. This

expres sion is now compared with eq. (3. 6. 1):

T = -y D I = T' + T"o
or

in which the last term may be identified with the last term in eq. (4. 1. 3)

as both pertain to the expansion loss. Consequently, we find

T' 1 VZ ahz1=-+-- --YD 2 gD Dl
(4.1.4)

Recalling eq. (3. 6. 7) we see that,

T' = -y D I' = -y D' I .

An expression for the friction factor f is obtained, if eq. (4. 1.4) is

divided by ~Fz:
a hZf= f' +-Dl

(4.1.5)

From this or from eq. (4. 1.4) we may obtain another important relation

ship between dimensionless parameters

e = e' + elf ,
in which

DIe=--(s-l )d
D' Ie' = ---(s-l )d

a hZand elf = ~Fz
(s-l)d 1

Next we consider two different flow systems, 1 and 2, that are supposed

to be geometrical similar, with the scale ratio ~ = Dl ID z > see figure

4. 1. 1.
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Then we proceed to investigate the conditions for complete similarity,

assuming the bed configuration to be dunes. Geometric and dynamic

similarity demands:

1) ~-.!2.L
dl - d z

Equal slopes:

or À=~-i.L
Dz - dz

11 = 122)

3) The dimensionless effective bed shear must be the same:

e' 1 = e' z •

When these conditions are fulfilled the dune patterns will be similar. It

follows from 1) and 2) that el = ez ' so that also e~' = e~'. From this

follows that, the expansion loss is the same fraction of the total loss of

mechanical energy in both streams.

The variation of the relative density s is neglected.

To be rigorous the gràin size distribution should be

assumed similar also. However, practical evidence indicates the gra

dation to be of secondary importance, so that we as a first approximation

may characterize the sediment by the mean fall diameter d, exclusively.

For two similar streams we find from eq. (4. 1. 5) and eq.

(3.6.6) that the friction factor is the same. As also the slopes are corn

mon we conclude that the flows take place in such a way that the Froude

numbers are identical.

From this discussion we must assume that for a given

sediment size d the flow system is completely defined if the quantities

D, I and e' are specified.

Nowwe are able to calculate the scale ratio of sediment

transport rates:

42



qTl Ufl dl

qT2 = Uf2 d2

From eq, (3. 2. 3) we get Uf ='fi(S-l)g d , so that

(s! -l)g! d! 3
(s z -1 )gz d z 3

From this we obtain
qT

as <P=-:-;:::::===
~(S-1)gd3

It follows that the non-dimensional transport rate <p must.be a function

of the determining parameters:
",_",D I
'1' - '1' (d ' I, e) or <P= <p (e, ~, e' )

In the next section we find that e' is aetually a function of

e,sothat
(4.1.6)

Similarly, we get for the friction factor:

D
f = f(e, d) (4.1.7)

Suppose that the ratio ts}« is eliminated from the eqs. (4. 1. 6) and (4.1.7).

We then get the alternative expression

<p = <p (e, f) (4.1.8)

which is precisely the type of transport equation arrived at in section

4.3.

4.2. Hydraulic Resistanee of Alluvial Streams.

The rules of similarity discussed in the previous section

were based on the consideration of two streams of different seale but

with identical slopes. It is hardly possible to proceed much further with

out introducing additional assumptions or empirical results.

From the theory of model analysis it is well-known that

rigorous scaling may be possible even when the vertieal length scale

differs from the horizontal. In sueh cases we talk about models with

"distorted vertical seale". This concept of distortion plays an important

role when we proceed to compare two streams 1 and 2 of different slopes,
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figure 4.2. 1.

CD

Figure 4.2.1

In this case similarity is possible (in the sense mentioned)

when the following conditions are fulfilled:

1) The effective bed shear stresses are equal (e'l = e~) expressing

dynamic similarity.

2) The expansion loss must be the same fraction of the total energy loss,

so that the total bed shear is divided at the same proportion in both cases.

The second condition may be elucidated if we apply eq, (4.1.5) on both

streams:

a hZand t , = f'z +~
Dz i,

Then 2) may be expressed in mathematical terms as the equation

.G.. .a ÀH
fz - f'z = ÀL ' (4.2.1)

in which ÀHis the vertical length seale ratio (ÀH= Dl ID z). while ÀL

is the horizontal.

Alternatively I eq. ( 4.2. 1)may be written

~=~
hl hz

and correspondingly for f' .

Nowwe make the assumption (working hypothesis) that

(4.2.2)

alluvial streams tend +oadjust their bed roughness according to the out

lined rules of similarity with distorted vertical scale. The exact meaning

of this assumption is as follows:

In two streams with the same value of e' the dune for-

mations will be similar (with distortion) to such an extent that eq. (4.2.1)
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must hold.
As

we conclude that the parameter e must be common too, so that

e = e(e') (4.2.3)

This consequence is tested by adaptation of the extensive flume experi

ments carried out at Fort Collins by H. P. Guy, D. B. Simons and E. V.

Richardson,[ 111. The experiments are performed in an 8 ft wide flume ,

the grain sizes being d = 0.19, 0.27, 0.45 and 0.93 mmo For these

experiments e' was calculated and plotted against e, figure 4.2.2.

e

2j

1
1

1.0

0.•

O~

0.4

0.2

0.'
OD! 0.02

ST....NOING WAVES ANC

FLAT BEO

.,.
DUNES

e'
0.2 0.4 0.6 0.8 1.0

Figur.4.2.2

The points corresponding to dunes (lower flow regime)

indicate a relationship between e' and e that may be approximated by

the equation

e' = 0.06 + 0.4 eZ

For greater values of e (e> 0.15) the asymptotic expression

e'=0.4ez

(4.2.4)

(4.2.5)

will often suffice. This was found previously by a principle of similarity,
":".l.o).
J+tt .
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Note, that for decreasing values of e, e' approaches the

threshold value O.06 corresponding to the critical bed shear TC' see eq.

(3.2.5)
Points corresponding to the upper flow regime (plane bed,

standing waves, anti-dunes) constitutes a separate curve. To avoid con

fusion the points corresponding to the transition between upper and lower

flow regime are omitted. In case of plane bed and standing waves no ex

pansion losses are taking place. Consequently, we find e = e' .
The diagram in figure 4. 2.2 is actually a universal, non

dimensional edition of the plot indicated in figure 3.4. 1. This is realized

if we calcula te the parameter

D' I
e' = 1. 65d

by the substitution of D' from the approximate expression (3.6.8):

10•2e' =--50
V 1.6

(-)
Ijgd

(4.2.6)

The parameter e is recalled to be

Ta
e = -y-(-s ---=1-)-d (4.2.7)

so that a relationship between e' and e constitutes in reality a relation

ship between V and Ta.

The diagram in figure 4.2.2 may be said to test the validity

of the similarity assumption. Another consequence of the assumption is,

that the quantity fl/h should depend on e' (or e) only. By adaptation of the

flume experiments it was found to be constant with the average value

(4.2.8)

and a standard deviation of about 35 pct. Considering the irregularity

and stochactic nature of the dune configuration that makes a concise

definition of the dimensions difficult, this relatively large scatter is to

be considered quite acce ptable , For the lower flow regime (dunes) eq,

(4.2.4) permits prediction of the hydraulic resistance. To see this we

concentrate for a while on the simpl e asymptotic expression (4.2.5),

which is sufficiently accurate for the majority of practical cases.
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By substitution of eqs. (4. 2. 6) and (4.2.7) we obtain the

simple power formula

, where K _10.9
- d3/4

(4.2.9)

This is an expression of the same type as the conventional Manning

formula, commonly used in hydraulic engineering. The factor 10.9

assumes s = 2.65 and the application of metric units,[141.

Eq. (4. 2. 9) has been found to give a satisfactory prediction

of the stage-discharge relations of some American rivers, [211.

The problem of predicting the hydraulic resistance of

alluvial streams has been treated previously by several investigators.

Some of the first and most successful are H.A. Einstein and N. L. Bar

barossa, [221. They based their analysis on a large number of observ-

ations from American rivers. The same observations were included in

the analysis performed in [141. Thus eq. (4. 2.9) is also known to be in

accordance with these measurements.

4.3. Sediment discharge.

To complete the theory we still need a method for deter

mination of the sediment discharge that is the total volume of moving

sand particles per unit time. In the argumentation used to derive a

transport formula we again concentrate on the dune case, and obtain

results of more general applicability as originally found in [301. In the

deduction the results from the previous section are utilized.

The starting point is the simple transport mechanism

outlined in section 3.4, according to which grains are eroded from the

stream side of the dunes and are deposited at the lee side. Consequently

along the stretch 1the moving sediment load qT is elevated a height

comparable to the dune height h, This process may be described roughly

by means of a simple energy equation.

The energy (per unit time and width) required to elevate

the sediment discharge qT a height of the order of magnitude h amounts

to
\Y s - î') qT h,
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This gain in potential energy must be equal to the work done by the drag

forces on the moving particles in the same time interval. According to

Bagnold' s theory (section 3.3) the shear stress 7' - T is the stress
c

transferred from the fluid to the moving sediment particles. The average

migration velocity of the particles is assumed to be proportional to the

friction velocity. Hence, we get the equation

(4.3.1)

in which a is a non-dimensional coefficient. By rearrangement we get

By substitution of eq. (3. 2. 3):

h
f qT (fï) = a (e' - o. 06)iSi(S-1)g d 3

Nowwe introduce the non-dimensional sediment discharge defined by

qT
<P = :r====

~(S-1)gd3

(see section 3.3) and recall from section 4.2 that f l/h is a constant:

(4.3.2)

f <p -( e' - 0.06)i9

From eq, (4. 2. 4) we get

e' - 0,06 = 0.4 eZ

(4.3.3)

so that the transport equation becornes

(4.3.4)

The validity of a transport forrnula of this type is tested

by comparison with the Fort Collins data utilized in the previous section,

see figure 4. 3. 1. It is remarkable that the experiments comprise dunes,

transition, standing waves, anti-dunes and chute-and-pool flow. The

straight line indicated in the figure corresponds to the equation

f<P = 0.1 e5/2 (4.3.5)

in perfect agreement with the theoretical re sult.

It may be inferred that it is more logical to assume the

rnean particle velocity to be proportional to a friction velocity.

Uf=~ ,
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based on the effective shear. Accepting this we obtain by application of

the same arguments

f <I> - (e' - 0.06) ië'
instead of eq. (4. 3. 3).

This leads to a transport of slightly different appearance:

f<I>= o.o77ezlez +0.15 (4.3.6).

indicated by the dotted line in figure 4. 3. 1. It is seen to fit the points

as well as the straight line.

For small values of e eq. (4. 3. 6) approaches an asympto-

tic relation of the type
(4.3.7)

For large values of e, on the contrary, we obtain another asymptotic

expres sion:

The second power relation corresponds to bed load transportation only,

while the third power relation indicates a dominating transport of sus

pended particles.

The present experiments do not permit a definite choice

between the two transport equations (4.3.5) and (4.3. 6).As eq. (4. 3.5) is

more algebraic convenient it has been applied in the following.
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4.4. Limitation of the theory.

Now we have arrived at the difficult problem of judging the

range of validity of the theory presented. This is to a large extent a

matter of estimating its accuracy, and it is most prohable that much re

search has to he carried out before this question may be answered in a

satisfactory way.

A few preliminary indications should be given here. How -

ever, the authors want to point out that these indications should be taken

with much reservation.

The authors have found no serious deviations from the

theory for sediments with sorting coefficients below about 1. 6 and mean

fall diameters larger than O. 15 mmo For very graded sediments con

taining abnormally large amounts of the finer fractions the actual sedi

ment discharge seems to be essentially larger than predicted, at least

for the smaller transport rates.

Reservations must be taken, when the sediment size is

smaller than about 0.15 mmo This may be due to the fact that very large

suspension seems to change the velocity distribution seriously, so that

similarity becomes impossible.

5. FLUVIOLOOY.

5.1. General aspects.

F'i-orn a geological point of view no rivers can be considered

in exact equilibrium as they always take part in the disintegration process

of the continental shelf and consequently change their courses continuosly.

For practical engineering purposes, however, it is often

realistic to accept streams as being in equilibrium, if they have not

changed their characteristics notably in a number of years, seasonal

changes heing disr-egar-ded,

As mentioned in the introduction there are several sources

of the sediment transported in alluvial streams. For" equilibrium"

streams, however, that resulting from sheet erosion as a result of

surf ace runoff is usually by far the most important.
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Thus it follows that the sediment discharge of a river

primarily is determined by the nature of the drainage area. From

hydrology the same is known to be true for the water discharge. Or stated

in another way: Both sediment and water discharge are factors essentially

independent of the river itself and almost exclusively determined by the

hydrology, geologyand topography of the drainage area.

For a given water and sediment discharge the river itself

will now tend to create the geometry of its stream channel in a specific

manner. This means that if the river is left alone tor sufficiently long

time with fixed values of the water and sediment discharge it will adjust

itself with a definite slope, depth, width and meander pattern.

Since such factors as the slope and the meander pattern

do not respond rapidly enough to follow the seasonal variations of the

discharges it is natural to introduce some kind of "dominant", or "for=

mative" values of the discharges with respect to these features. The

"dominant discharge" should then be defined as the steady discharge

which gives rise to the same slope and meander pattern as the annual

sequence of discharges. As the larger discharges must be t hose re

sponsible for the creation of the slope and the meander pattern, another

- more practical - but also more arbitrary definition of the dominant

discharge would be the discharge that is only exceeded e. g. 25 pct of the

time.
For a given river it is normally found that the water and

sediment discharges increase in the downstream direction. The same is

found to be the case for the depth and the width of the stream. The slope

and the grain size usually decrease gradually from souce to estuary. It

is f'ound, [23), that the grain size decreases approximately exponentially

in the downstream direction.

These observations makes it natural to look for empirical

relations for the variation of the depth, width and slope as functions of

the water discharge, which quantity has turned out to be the most im

portant independent parameter. This has really been done and quite a

large number of "regime" relations has been suggested by various
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scientists. A recent account to these relations has been given by T.

Blench, [24) and[25).

B _Q 1/2

D _Q1/3

I -q-1/6

(5.1. 1)

(5.1.2)

(5.1.3)

where B denotes the width, D the depth, I the slope and Q the water

discharge. It has to be pointed out that in the present edition ofBlench' s

formulae all variations with sediment discharge and grain size have been

omitted for the sake of simplicity. In section 5.2 more elaborate forms

of Blench' s relations will be quoted,

According to Blench, rivers with erodible banks always

tend to meander or at least create alternate shoals in apparently straight

looking reaches. These observations agree excellently with theoretical

results, [26). In this paper is demonstrated that if the formation of

meanders is investigated as a usual hydrodynamic stability problem,

meanders or shoaling will always occur in alluvial streams having dunes

on the bed.
An empirical relation expressing the observations of

meander "wave-lengths" has been suggested by C. C. Inglis, [27).

1/2L-Q (5.1.4)

Comparison of eqs. (5. 1. 1) and (5. 1.4) indicates a direct

proportionality between the width of the stream and the meander length.

This was investigated empirically by L. B. Leopold and M.G. Wolman,

[28), for a large number of American and Indian rivers as well as for

several small scale model tests. From their data the following relation

is f'ound to be valid over several decades of the widths.

L = 10 B (5.1.5)

Taking into consideration the subjectiveness of assessment

of meander lengths and stream width as well as the disturbing influence

of local geological formations the observed deviations from eq, (5. 1. 5)

are surprisingly small.
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5.2 Application of the principle of similarity.

In this section we will deduce (on the basis of the principle

of similarity) formulae for the depth, width, slope and meander length

as functions of the water and sediment discharges as weU as the grain

size.
For this purpose we draw at first attention to eqs. (4.2.9)

and (4.3.5) expressing the hydraulic resistance and the transport capacity

of alluvial streams, respectively.

v = 10.9 d-3/4 D5/4 19/8

f<1>=0.185/2

(4.2.9)

(4.3.5)

(Note: While the last expression has broad applicability, the first is

valid for the dune case only, and for 8 > 0.15).

Utilizing that L as well as B is a horizontal measure while

D is a vertical measure we obtain by the use of eqs. (4. 2. 1) and (4.2.8)

the following relationship.

f.!:
D

(5.2.1)

where Cl and c z are constants. From these relations it is obvious that

the principle of similarity predicts a direct proportionality between L

and B. As mentioned in section 5. 1 such a proportionality is really con

firmed empirically, and the appropr-iate constant of proportionality was

found to be

L/B = 10 (5.1.5)

Concerning the magnitude of the constants Cl and c z in

eq. (5.2.1) the principle of similarity gives, however, no information.

In this connection it is interesting to note that in the stability

analysis previously mentioned, [261, the following expre ssions for the

meander length is obtained:

f.!:=14
D

(5.2.2)

that is exactly a result of the form predicted by the principle of similar

ity and further supplying a specific value 14 for the constant Cl' and

thus byeq.(5.1.5) Cz = 1.4.

Hence, by elementary calculations and by utilizing the
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definition expressions for f, e and <l> along with eqs. (4. 2. 9), (4.3.5),

(5. 1. 5) and (5.2.2) the following expressions are derived:

-0.316 0.525B = 0.78 d Q

D = 0.108 (QT/Q)-2/7 dO.21 Q0.317

1 =128 Q /Q)4/7 0.527 -0.212. (T d Q

L= 7.8d-0.316QO.525

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

Because of the limited validity of eq. (4. 2. 8) these

equations can only be considered valid for e > 0.15. In practice this is,

however, no severe restriction.

Stating the results of the similarity investigations in the

form of eqs. (5. 2.3 )-(5. 2.6) it becomes easier to compare these results

with the complete empirical findings, presented in the form of regime

formulae. Such a comparison is made in table 5. 1 considering only the

case of small sediment discharges for which Blench' s formulae, [25],

may be stated as shown in the tab le,

Table 5.1.

Variation with water discharge Q and grain size d.

Principle of similarity. Regime formulae

Width, B d-0.316QO.525 d-1/4 Ql/2

Depth, D dO.21 QO.317 Ql/3

Slope, 1 dO.527 Q-0.212 d1/2 -1/6Q

Considering the table it becomes obvious that the variations

with the water discharge are nearly identical in the two columns. With

respect to the var iatio» with the grain size greater deviations are

noticed. However, in the only case, where the grain size is a really

important factor, (with respect to the slope) the agreement is satis -
factory.

Regarding the influence of the sediment discharge a similar
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comparison could be made. This has been done in [29). The result of

such an investigation indicates a satisfactory agreement with respect to

most clarified cases, viz. those for the depth and slope. For the width,

however, there is some deviation between the similarity re sult and the

corresponding regime formula.

6. NUMERICAL EXAMPLES.

6.1. Prediction of stage-discharge relations.

To illustrate the practical application of the formulae

developed in the preceeding sections we now give a coupl e of practical

examples. First the formulae are applied to the problem of predicting

stage discharge relations for rivers.

Example 6. 1• 1.

We consider the data from Pigeon Roost Creek (near Byha-

lia), [21):
-4

Sl.ope I = 9· 10

s = 2.68

The grain sizes from sieve analysis are given as

d35 = 0.35 mm and d65 = 0.45 mm

From table 2. 2. 1 the mean fall velocity is estimated to be d = O. 38 mmo

The procedure is then the following:

We choose a mean water depth, f. i. D = 0.30 m, and calcul.ate the

corresponding discharge in the following way:

From eq, (3. 2. 3): .

e = ....J2..!_
(s-l) d

-40.3·g.·10 0.422
1.68'0.38.10-3

Next, from eq. (4. 2.4):

e' = 0.06 + 0.4 e 2 O. 132

From this we get

e' 0.132
D' = e D = 0.422 0.3 = 0.094 m.

Then the mean velocity V is found from eq. (3. 6. 6). The surface rough

ness is k = 2.5 d = 0.95 mmo
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DI
0.6+ 2.5 Inkv

-fgI)rI
,1~----------~4 94

V = ~ 9.8' 0.094·9·10 (6.0+ 2.5 In 0.95) = 0.50 m/ sec

(3.6.6)

The .nscha rge q per unit width becomes

q = V D = 0.50' O.30 = O.15 m Z / sec

The total sediment discharge may then be calculated from eq. (4. 3. 5):

f <I> = O. 1 e5/2 (4.3.5)

The friction factor f is obtained from the expression

f = ~ = 2g DI
FG VZ

-4
2.9.8· O.30·9 ·10

0.50 Z
0.021

Hence we get:

'" 0.1 0.4225/2 = 0.55
'i' = 0.021

Then the total sediment discharge qT is found to be

qT = <I>~ (s-l)g d3 = 0.55' 0 3.10-4 -51. 65 . lOm Z / sec

Finally we have to make sure that the flow actually belongs

to the dune regime. Ta this end we calculate

Uf = v""[ff = 0.50'~ 0.0105 = 0.051 m/sec

Next we farm Reynolds' number

- 3 -6
R= v.»!>: 0.051'0.38'10 /1.3'10 = 15.

As R> 12 we assume that the bed farm is actually dunes

rather than ripples.

Example 6. 1.2.

Sufficient accuracy is usually obtained by the application

of the design chart at the end of the baak. As an example let us solve the

problem from example 6. 1. 1 by means of this char t,

First we calculate the quantity

D/d = 0.30/0.38 '10-3 = 790

Next we find the point for which
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nt« = 790 and
-4

1=9·10

The ordinate of this point is

from which
-4 3

q = V D = 0.30·10 ·5·10 = 0.15 m 2/ sec
The abscissa of the point is

~ =0.55.

Upp~rflo ~im~

0610-,

Fïgur~ 6.1.1

In the example only a single point of the stage-discharge

relation was found. In order to obtain a complete stage-discharge curve

- as that indicated in figure 6. 1. 1 - the procedure must be repeated for

a sufficient number of depths.

Besides its convenience the design chart has the advantage

of indicating the flow regime. The transition between the lower and the

upper regime is assumed to occur abruptly, when the values of D/d and

I correspond to a point situated at the left hand boundary of the white strip

in the design chart. (For the river treated in the preceding example we
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find the transition value of D/ d :::::-2700). For increasing velocity the points

will now correspond to the upper flow regime, and the upper curve of

figure 4.2.2 must then be applied for the prediction of the stage-discharge

relation instead of eq. (4. 2. 4).

In this way the relation is obtained for Pigeon Roost Creek

as given by fullline in figure 6.1. 1. The calculation is compared with

actual measurements as reported in [21 1.

6.2. Design of channels.

As previously stated (section 3.4) Q, QT and d are in fact

more fundamental variables than those used by the theoretical deductions

made in section 4, (D, land dl. This corresponds to the fact that nor

mally Q and QT may be considered the real independent variables, while

D and I correspondingly are dependent variables. The basic nature is

illustrated by the fact that the flow regime (except with regard to ripples)

is found to be uniquely determined by the variables Q, QT and d in the

upper as well as in the lower flow regime.

For this reason it is natural to formulate the results

obtained in section 4 in terms of the more fundamental variables.

This has been done by the construction of a design chart as

shown in figure 6.2.1 at the end of the book. It should be pointed out that

the chart is not valid for the case of ripples, when Uf d/V( 12. At the

preparation, the following formulae were utilized

v---=
-fgI)rI
e' = O.06 + 0.4 eZ

D'
6.0 + 2.51nm (3.6.6)

(4.2.4)

f <p= 0.1 e5/2 (4.3.5)

In order to determine the region, expressed in the para

meters V D/ig(S-l) d3 and <p,within which dunes are the dominant bed

configurations (and the design chart applicable), the experiments pre

viously mentioned [111, were plotted in a (V D/ig(S-l) d 3, <p)-diagram.

The location of the various flow regimes as obtained in this way is shown
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in figure 6.2. 1 except with regard to ripples. for which case viscous

effects intervene. The result may be shown to agree in principle with

the results obtained by stability analysis [141.

Within the region where dunes occur the relevant parameter-

curves for ts!« and I are drawn.

If , for a given bed material, the water and sediment discharge per unit

width of the stream is known, the corresponding values of depth and slope

are immediately obtainable from figure 6.2. 1.

Considering another situation: if, for a given bed material,

the slope and the water discharge per unit width is known, the correspond

ing values of depth and sediment discharge per unit width are quite as

easily obtained from the diagram.

Thus figure 6.2. 1 is weU suited for design purposes.

The procedure is iUustrated by a numerical example.

Example 6.2.2.
lf an alluvial channel of width lOm has to carry a water

-4
discharge Q = 6.0 m3/ s and a sediment discharge QT= 2.6·10 m 3/ s
what wiU be the corresponding natural depth and slope? The grain size

of the sediment is d = O.4 mmo

At first we calculate the parameters

6. 0 = 1.81 . 104
10.3.32.10-5

-4
<I> = ~2:._.6:.-·_1....:.0__

-5
10·3.32·10

0.78

Next, by the application of the design chart, we find
-4 D1=3.0.10 (i=2.4.103

Substitution of d = 0.4 mm yields for the depth

D = 0.96 m,
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